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Re-examination of the Maximum Normalized
Vortex-Induced Side Force

J. Peter Reding* and Lars E. Ericssonf
Lockheed Missiles & Space Company, Sunnyvale, California

A critical review of recent experimental data tends to confirm the validity of previously published asymmetric
flow concepts: 1) That the maximum side force to normal force ratio (the maximum normalized side force) on
slender bodies of revolution at high angles of attack and zero sideslip occurs in the critical Reynolds number range
where the maximum local flow separation asymmetry can occur; 2) that body motion can lock in a driving vortex
asymmetry to produce self-induced body coning; and 3) that laminar vortex separation may occur on the cylinder
of an ogive-cylinder at high angles of attack, even when the nose experiences turbulent separation. In addition, the
present analysis offers a realistic explanation as to why a minimum normalized side force is realized at a Reynolds
number slightly above that for the maximum normalized side force.
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Nomenclature
= reference length, c = d
= maximum diameter for body of revolution
= mean diameter = (2/z?) I rdxJo
= sectional drag: coefficient cd =
= vortex shedding frequency
= sectional lift: coefficient cl
= total body length
= freestream Mach number
= normal force: coefficient CN =
= sectional normal force: coefficient

= static pressure: coefficient

= base pressure: coefficient

= body radius
= nose radius
= Reynolds number = U^d/v^ or <
= effective Reynolds number
= reference area = ire2/4
= freestream velocity
= axial coordinate
= side force: coefficient CY =
= sectional side force: coefficient

= angle of attack
= angle of sideslip
= freestream kinematic viscosity
= freestream air density
= roll angle
= spin rate

Subscripts
eff = effective
max = maximum
p = peak amplitude
RMS = root-mean-square
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Introduction

A FEW years ago the present authors presented a method1'2
for bounding the vortex-induced side force to normal

force ratio (the normalized side force) on slender bodies. This
was needed to aid the designer in establishing control power
requirements because of the lack, then as now, of any theoreti-
cal or experimental means to reliably predict the vortex-
induced side force. The method was based on the widely held
hypothesis that the stationary asymmetric vortex wake behind
slender bodies at high angles of attack was in essence similar
to the unsteady asymmetric vortex wake of a two-dimensional
(2D) cylinder. It was postulated that the axial flow component
enabled the vortices shed from the three-dimensional (3D)
body to stabilize in a steady asymmetric configuration. Thus,
the sectional side force to normal force ratio was related to the
sectional unsteady lift to drag ratio on a two-dimensional
cylinder. The peak unsteady lift to steady drag ratio for the
2D cylinder was defined from the literature. Comparisons with
3D slender body data verified that the maximum sectional side
force to normal force ratio on a slender body was bounded by
the maximum unsteady 2D lift to drag ratio.

It" was also shown that the maximum local, normalized side
force occurred in a Reynolds number region where the maxi-
mum local flow separation asymmetry could be established.
Recent experimental results are in agreement with this finding,
and have also revealed that a minimum normalized side force
occurs when the Reynolds number is increased slightly.

The authors also postulated that the vehicle motion could
couple with the vortex shedding to lock in the maximum flow
separation asymmetry. We additionally speculated that re-
laminarization could cause laminar vortex separation to occur
on the cylinder of an ogive-cylinder even though turbulent
separation existed on the nose.3"5 Experimental data have now
become available that confirm the postulated effects of body
motion and that indicate that there may be a degeneration of
the flow separation type from turbulent to laminar along a
slender nose-cylinder body at high angles of attack.

The 2D Cylinder Analogy
In our earlier work, an effective crossflow Reynolds number

(^eff) was developed from potential flow theory that could
define the character of the separation (laminar or turbulent)
verified by the superior collapse of dark's crossflow drag
data.2'7'8 At angles of attack above 30 deg, the effective
Reynolds number on a cylinder is essentially equal to the
crossflow Reynolds number (i.e., Reff=Rd).9 Thus, the sec-
tional characteristics for the slender body should be similar to
those of a 2D cylinder. Hence, the maximum sectional 3D
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normalized side force should be analogous to the peak lift to
drag ratio of a 2D cylinder,

Clp/Cd (1)

In the past, we have referred to the entire Reynolds number
region above subcritical (laminar flow separation) range as
being supercritical. In order to describe the varied flow phe-
nomena that occur at Reynolds numbers above the subcritical
range more accurately, it is necessary to be more precise.
Following Achenbach's terminology,10 a cylinder in incom-
pressible crossflow experiences four distinct flow regimes, each
with a different type of flow separation, as is sketched in Fig.
1. At subcritical Reynolds numbers, the boundary layer is
laminar, and flow separation occurs near the lateral meridian
(cp = 80 to 90 deg). In the critical Reynolds number range, a
laminar separation bubble develops near the lateral meridian
(cp = 90 deg) followed by transition in the lifted layer and
turbulent reattachment. The reattached turbulent boundary
layer is more energetic than the laminar boundary layer, and
separation is delayed, resulting in a dramatic reduction of the
drag.

The laminar bubble and following turbulent reattachment is
similar to the preseparation effect which is so effective in
delaying downstream flow separation.11 In the present case,
the reattaching shear flow delays the wake separation to
<p = 140 deg (critical flow region), which is well aft of the final
transcritical location of <p = 100 deg.12 Thus, a drag bucket is
produced in the critical Reynolds number region (Fig. 1).

As the Reynolds number is increased, transition moves
forward of the lateral meridian, and the laminar bubble with
its beneficial effect on separation is lost. Thus, separation
moves forward of cp = 140 deg and reaches the final transcriti-
cal value of <p = 100 deg as the turbulent boundary layer
thickness grows with increasing Reynolds number. A drag
increase, of course, accompanies the wake growth.

Ordinarily one would expect that discontinuous changes in
the drag would occur as the laminar bubble develops and
collapses suddenly. However, three-dimensional flow effects
cause the development and collapse of the laminar bubble to
occur in finite cells.13'14 Through spanwise communication
effects15 the cells finally coalesce to form a continuous bubble
across the span of the cylinder.

The peak sectional lift force on a cylinder normal to the
flow occurs at a Reynolds number where the maximum flow
separation asymmetry exists.16'17 It should be noted that in the
past we have used the term supercritical separation to denote
any type of turbulent separation. Here we are making a
distinction between critical, supercritical, and transcritical sep-
aration to describe in more detail the flow phenomenon re-
sponsible both for the maximum and minimum normalized
side force. Both supercritical and critical separation allow
large suction peaks to be realized on one side of the body;
whereas, on the other side, subcritical separation cuts off the
peak suction pressures, producing a large pressure differential
across the body. The pressure drops sharply as the separation
moves rearward in the critical Reynolds number range, result-
ing in a pronounced maximizing of the 2D lift to drag ratio.
Static measurements of this separation asymmetry16'17 were
used, along with unsteady clRMS and clp results from the
literature, to define the envelope of clp/cd over the entire
Reynolds number range.1'2

The Reynolds number of the critical flow condition can
vary drastically from one test to another and from one wind
tunnel to another due to the effects of tunnel turbulence level,
boundary layer noise, body motion, and roughness (Fig. 2).14

The maximum c{/cd that occurs due to critical/subcritical
separation was spread over the entire critical Reynolds num-
ber range as defined by Humphreys' data15 since, depending
on wind tunnel turbulence, body roughness, or body dynamics
(to be discussed later), this condition could occur anywhere
within this Reynolds number range.

Unpublished pressure data by Dahlem et al.18 show that
this critical/supercritical separation occurs on 3D bodies at
high angles of attack2 (Fig. 3). At x/d= 6.1, subcritical flow
separation occurs on one side of the body (at <p = 80 deg) and
critical separation on the other (at <p = 225 deg or 135 deg aft
of the windward ray). This 3D flow separation is in agreement
with experimental results for 2D cylinders19 (Fig. 3). At x/d
= 8.75, subcritical/critical separation still occurs but the sub-
critical peak has been reduced greatly, falling approximately
40% below the 2D value. It can be noted further that the
vortex asymmetry develops gradually, forming a roughly trian-
gular distribution along the body within a single cell.2 A cell
ends when a vortex is shed to reverse the vortex asymmetry,
thus reversing the sign of the side force (inset in Fig. 4). Thus,

TRANSITION
LAMINAR BUBBLE / SEpARAT,ON (Z> 140°

SEPARATION
'00°

SEPARATION 100° < 4> < 140

REYNOLDS NUMBER,

Fig. 1 Flow regions for a circular cylinder.



SEPT.-OCT. 1984 MAXIMUM NORMALIZED VORTEX-INDUCED SIDE FORCE 435

the maximum side force within a single cell should be ap-
proximately half of the peak sectional value. (Use was also
made of the triangular side force distribution to predict the
center of pressure of the side force.2)

ICylmax/Q = 0.5(cy/cn) = 0.5(c,p/cd] (2)

By using the effective Reynolds number, one can predict the
body normal force from the crossflow analogy,20 and from the
variation of \CY\max/CN with Aeff, the corresponding maxi-
mum side force can be determined. It should be emphasized
that while the maximum normalized side force, |Cy|max/C#,
has been implicitly derived for a body dominated by a single
asymmetric vortex pair (a single cell), it also bounds the
maximum side force for bodies with multiple alternating vortex
pairs which produce opposing left-right side force cells that
tend to cancel one another. Even though the side force can be
conservatively bounded for long bodies using this technique,
the moment cannot. Thus, the method of Ref. 2 cannot, for

-GOTTINGEN

Fig. 2 Drag coefficient vs Reynolds number in different ground facili-
ties (Ref. 15).

practical purposes, be applied to long bodies.
The peak |Cy|max/Q always occurs in the critical Re-

ynolds number range where the body can experience subcriti-
cal/critical vortex separation. Surprisingly, the maximum total
side force does not necessarily occur at the same critical
Reynolds number even though the body is experiencing the
maximum lateral pressure differential locally. This is because
the length of the first side force cell shrinks in the critical
Reynolds number range (Fig. 4).18'20'21 Thus, it is theoretically
possible for the maximum side force to occur at a Reynolds
number different from that giving the peak normalized side
force.

Recent Experimental Results
The data of Keener et al.22"26 for pointed ogives (S/d= 3.5

and 5.0) fell along the upper boundary of our \CY\max/CN
curve. This, we reasoned, was because these bodies^hen
experiencing subcritical/critical flow separation, were
dominated by a single side force cell and, therefore, experi-
enced the peak |Cy|max/Q. Keener has recently published oil
flow data which show subcritical, critical, and supercritical
vortex separation (laminar, transitional, and turbulent separa-
tions, respectively, in Keener's terminology) occurring on an
£/d=3.5 pointed ogive.27 An example of this can be seen in
Keener's oil flow sketch for <p = 55 deg where CY is a maxi-
mum (Fig. 5). Critical separation occurs on the right side of
the ogive aft of about 20% of length, as is indicated by the
existence of a laminar separation bubble followed by turbu-
lent separation (Keener's transitional separation). On the left
side subcritical (Keener's laminar) separation occurs back to
about 40% of length. Although Keener presents only side force
measurements along with the oil flows, these measurements
are in good agreement with earlier side force data.26 If the
normalized side force is in equally good agreement, then this
is also the condition where \CY\max/CN occurs. Thus, the
maximum normalized side force is associated with critical/
subcritical separation being present over a significant portion
of the body length.

Because the critical Reynolds number can vary so drasti-
cally depending upon facility and model idiosyncrasies (Fig.
2), one needs some positive indication of the location of flow
separation (e.g., flow visualization results, or pressure mea-

WINDWARD RAY AT d = 0, 360°

o 0 < <t> < 180°

-°- 180° < 0 < 360°
ss SUBCRITICAL

FLOW
(HOERNER)
SUPERCRITICAL
FLOW (HOERNER)

0 45 90 135 180
360 315 270 225 180

0^ deg

PRESSURE DISTRIBUTION
ATx/d - 6.1

0 45 90 135 180
360 315 270 225 180

0~ deg

PRESSURE DISTRIBUTION
ATx/d = 8.75

Fig. 3 Evidence of subcritical/critical vortex separation as a slender body.
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Fig. 4 Contraction of first vortex induced side force cell in the critical
Reynolds number range.

surements) to determine the separation state conclusively.
It should once again be emphasized that our \CY\max/CN

boundary was derived for bodies dominated by a single side
force cell. Three recent papers,21'29'30 one of which is a review
paper, have missed this point entirely. Both authors use C7max
measurements on bodies dominated by opposing left-right
side force components (multiple cells) to refute our postula-
tions. For example, Lamont presents |Cy|max data for an
£/d=6.Q ogive-cylinder that exhibit a minimum |Cy|max for
Q.$XlQ6<Rd<l.2XW6 (Fig. 6). The force distributions
show that a second, opposite side force cell develops over the
cylindrical afterbody (in the critical Reynolds number range),
which is the cause of the measured CY minimum29 (Fig. 7).
Other force measurements are also indicative of the develop-
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~a = 45°--— „
a = 50

a = 30?-----

0.1 0.2 0.5 3 4

R d x

Fig. 6 Variation of maximum side force with R d at various angles of
attack (Ref. 29).

Rd = 0 .8x 10°

Reff = 0.56x 106

L - LAMINAR FLOW
LS - LAMINAR SEPARATION
TS - TURBULENT SEPARATION
TRS - TRANSITIONAL SEPARATION
SS - SECONDARY SEPARATION
a = 55°

2.6

Fig. 5 Flow patterns near maximum \CY\/CN and |Cr| for an
S/d=3.5 pointed ogive (Ref. 27).
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Fig. 7 Side force distributions on an ogive-cylinder, t/d = 6.0, a = 40
deg (Ref. 29).
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KEENER j^/d = 3.5 OGIVE

Fig. 8 Maximum normalized side force.

0 1 2 3 4 5 6
DISTANCE ALONG BODY, x/d

Fig. 9 Side force distributions at different Reynolds numbers, a = 55
deg (Ref. 21).

ment of an opposing side force component on a cylinder aft of
a similar S/d=3.5 pointed ogive.23 Thus, one needs to ex-
amine the side force of the first cell to test the validity of our
postulation. Unfortunately, Lamont does not present load
distributions for the C7max conditions so one cannot de-
termine at which Reynolds number the peak, single cell
|Cy|max/C^ occurs. It is interesting to note, however, that
when the \CY\max/CN ratio is formed from the <p = 40 deg
distributions for the ogive alone, it tends to peak in the critical
Reynolds number range (Fig. 8). Lamont's CY/CN results for
cp = 40 deg are slightly above Keener's results for the same
angle of attack, but are somewhat below Keener's peak
|Cy|max/Ctf. More importantly, the data follow the same
Reynolds number trend (Fig. 8).

In general, Lament's ogive data are in agreement with
results of Keener23 for an ^/d— 3.5 pointed ogive, verifying
that the presence of the aft cylinder has little effect on the
loads on the ogive, in agreement with earlier results.23 How-

ever, isolated roughness spots in the nose-cylinder juncture
can affect the total asymmetry development.31"33 The shape of
the \CY\max/CN curve for the t/d = 3.5 ogive in Fig. 8 is fairly
typical for bodies dominated by a single side force cell. The
peak is usually quite sharp, and it is often followed by an
equally sharp minimum.

Lamont (in another publication) shows data for an ogive-
cylinder in the critical Reynolds number range having a very
small side force distributed along the entire body21 (Fig. 9).
He speculates that this occurs when the boundary layer on
both sides of the body is transitional, and as for the 2D
cylinder, irregular transition and separation breaks up the
organized vortex shedding.34"36 However, the axial flow com-
ponent on the inclined cylinder should help organize the flow
separation, as we have suggested,3"6 and have an effect similar
to the spanwise correlation accomplished in 2D flow when the
amplitude of the translating oscillation exceeds a few percent
of the cylinder diameter.35 Thus, in the 3D case, organized
critical separation should occur.

Figure 10 presents a logical progression of asymmetric
vortex separation with increasing Reynolds number that ex-
plains how both a maximum and a minimum \CY\m3X/CN can
occur in the critical Reynolds number range. At subcritical
effective Reynolds numbers, asymmetric subcritical separation
occurs near the 80 deg meridian to produce a moderate
normalized side force. As the critical Reynolds number range
is entered, critical/subcritical separation can occur. This pro-
vides the maximum differential in the separation location on
opposite sides of the body (<p = 80 deg on one side and
cp = 140 deg on the other) and the maximum suction pressure
differential (ACp>1.2, Fig. 3) in the vicinity of the lateral
meridian where it is the most effective in producing a side
force. The peak is sharp because a relatively small increase in
Reynolds number results in asymmetric critical separation
where nearly equal suction pressures occur at the lateral
meridians and the separation asymmetry affects the pressures
only at cp = 140 deg, where they are relatively ineffective in
producing a side force. Thus, both the normalized side force
and the side force itself will be very small (e.g. Fig. 9). This
explains Lament's small side force (Fig. 9) and the minimum
normalized side force (Figs. 8 and 10). Finally, as Refi in-
creases through the supercritical regime on to the transcritical
region, the flow separation asymmetry moves toward the lateral
meridian where it is once again efficient in generating a side
force.

This progressive change of the flow separation type from
subcritical/subcritical through critical/subcritical to critical/
critical has been observed on a 2D cylinder normal to the flow
(Fig. II).16 At Rd < 0.2 X 106, subcritical flow separation re-
sults in a base pressure of Cp = -1.1 and a normalized vortex
shedding frequency of 0.19. At Rd > 0.4 X 106, critical separa-
tion exists on both sides of the cylinder, resulting in Cfb =
-0.23 and fd/U^ = 0.46, all in agreement with the decreased
wake size.34 The experiment also showed that in a very narrow
Rd region, just below JRJ = 0.4Xl06, critical separation is
obtained only on one side, whereas the other side has subcriti-
cal flow separation, as is evidenced by the intermediate values
of C and Strouhal number. Bearman measured £,= 1.3,
Q = 0.45 at #^ = 0.37X106, giving c//Q = 2.9, which falls
precisely on our boundary for clp/cd (Ref. 2).

In summary, the results obtained recently by Keener and
Lamont tend to support our postulation1'2 that the peak
normalized side force occurs in the critical jReff range.

Effects of Body Motion
Vortex-induced side force is of concern for aircraft dy-

namics, as it produces a large side force near the nose at an
angle of attack where the control surfaces are stalled or nearly
stalled. Thus, spin will result if the side force overpowers the
rudder. The effect on missiles can be equally disturbing at the
high angles of attack at which many modern high performance
weapons operate. Our earlier studies4"6 indicated that there is
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Fig. 10 Postulated effects of flow separation type on the maximum normalized side force.
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Fig. 11 Base pressure and Strouhal number in the wake of a circular
cylinder (Ref. 16).

a strong coupling between body motion and flow separation
which could cause a lock-in of the maximum vortex asymme-
try. Recent experimental results37 demonstrate the power of
this coupling (Fig. 12). It was found that even though the
static side force shows a preferred yawing direction, the model
will spin in either direction if it is initially pushed lightly.
Figure 12 shows that the two directions produce very much
the same magnitude spin rate. That is, the motion overrides
the static asymmetry, locking in the vortex asymmetry in a
direction completely determined by the motion.

The mechanism that causes this driving asymmetry to lock
in is the so-called moving wall effect described in Ref. 3 (Fig.
13). The no-slip conditions of the circumferential flow compo-
nent at the windward meridian cause the boundary layer
profile to be more filled out on the advancing side. The
resulting turbulent-like boundary layer profile delays the sep-
aration on the advancing side of the body. On the retreating
side, the effect is the opposite, promoting separation. The net
result is that the coning motion reinforces the initial asymme-
try and the associated side force, driving the motion (Fig. 13,
Station F).

This is valid for the initial asymmetric vortex pair generated
on the forebody. Aft of the coning axis however, the moving
wall effects are reversed, and can reinforce the side moment
only if a separate vortex pair exists over the aft body which is
of the opposite sense compared to the forebody vortex pair
(Fig. 13, Station A). Flow visualization shows that such a
switch indeed takes place.37

In view of this large effect of the vehicle motion, it appears
prudent to apply the peak normalized side force over the full
Reynolds number range for the critical separation as we have
done (Fig. 8), Although the peak value will only be realized at
a discrete Reynolds number, statically14 the coupling with the
vehicle motion could cause the full scale dynamic aircraft or
missile to lock in to the critical/subcritical asymmetry over a
significant Reynolds number range.

Relaminarization
In the past, we have speculated6 that accelerated flow

effects over the convex surface of the ogive-cylinder shoulder
could cause relaminarization of the boundary layer, thus de-
laying the natural progression from critical/subcritical separa-
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Fig. 12 Dual spin characteristics for a cone-cylinder (Ref; 37).
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Fig. 13 Effect of body rotation on separation asymmetry in the critical
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Fig. 14 Evidence of turbulent separation reverting to laminar separa-
tion R d= 1.25 X 106 (Ref. 29).

tion to asymmetric supercritical separation. There are now
experimental data that indicate that the separation can degen-
erate to a lower Reynolds number type aft of the ogive-cylin-
der shoulder,29 although we no longer believe it to be the main
cause of the dip in the |Cy|max/C# curve.

Lament's pressure data29 for an ogive-cylinder show turbu-
lent separation to occur on the ogive followed by laminar
separation on the cylinder (Fig. 14). Even though the pressure
scale has not been specified, one can see the suction pressure
peaks develop near the lateral meridians (suction pressures are
plotted upward) with a positive pressure recovery near the
leeward meridian. Near the nose, the rapid pressure recovery
indicative of flow separation occurs at roughly cp = 110 deg on
the left side and <p = 120 deg on the right, indicating turbulent
separation on both sides of the nose. On the right side,
separation gradually moves outboard, occurring at 9 = 80 deg
at the end of the body. Simultaneously the suction peak is
reduced roughly 50%, i.e., AC,, = 0.5Aq,7 (Fig. 14). This,
combined with the outboard movement of separation, is, we
believe, indicative of a change from turbulent to laminar
separation (compare with the 2D data in Fig. 3).19 This shift
from turbulent to laminar separation appears to be associated
with the change in the sign of the side force (Fig. 14). The
positive leeside pressure peak also moves from the <p = 180
deg meridian near the nose to between the <p = 140 deg and
<p = 100 deg meridians on the aft right side of the body.

The reason for the switch from turbulent to laminar separa-
tion is presently unknown. We can conceive of two phenom-
ena that might be responsible. They are presented herein as
thought-provoking possibilities in an attempt to stimulate
further research.

Based upon recent experimental results for the downstream
effect of a roughness element located on the windward meridian
of the nose, one would conclude that the accelerated flow
effects from the windward side expansive flow over the
nose-cylinder shoulder could cause relaminarization of the
flow downstream at the lateral meridian. The surface flow
direction will vary from the axial direction along the wind-
ward meridian to being inclined at roughly 80 deg to the axis
near the lateral meridian, where the flow separates. Thus, the
axial pressure gradient can affect the windward boundary
layer that eventually is carried around the body to influence
the boundary layer character at separation. A similar degener-
ation of the separation type is also evident at a Reynolds
number of 4 X 106 in Ref. 29.

The phenomenon appears to be associated with the shed-
ding of a vortex, as the change of separation type correlates
with a switch in the sign of the side force. Thus, an alternative
(currently our preferred) explanation might be that the move-
ment of the leeside stagnation point due to the shedding of a
vortex may force the separation point of the following vortex
to move circumferentially ahead of the location of transition
in the crossflow plane, resulting in laminar separation. If this
is the case, the effect should vanish at very high Reynolds
numbers where transition occurs well upstream of the lateral
meridian.

It is clear that the boundary layer transition plays a very
important role in establishing the peak |Cy|max/C#. There is
also experimental evidence indicating that it can be the origi-
nal source of the asymmetry, especially in the case of non-
slender forebodies. Extreme care is therefore needed when
applying subscale wind tunnel test results to full scale vehicle
design. The results by Rau38 and others39 suggest that
boundary layer tripping devices cannot be used on an ogive-
cylinder to simulate full scale high angle of attack characteris-
tics at subscale Reynolds numbers, as has been suggested.40

Conclusions
A critical review of recent experimental data lends further

support for the postulation that the maximum normalized side
force occurs in the critical Reynolds number range and is
associated with critical/subcritical flow separation. A mini-
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mum normalized side force appears to follow the maximum at
a slightly higher Reynolds number, which we believe is due to
asymmetric critical/critical vortex separation.

New experimental data have dramatically demonstrated
that body motion can lock in a vortex asymmetry to cause
self-induced coning. The fact that opposite vortex asymme-
tries are produced forward and aft of the coning axis, maxi-
mizing the driving moment, is most significant.

Other recent experiments seem to show that laminar vortex
separation can occur aft of turbulent separation on a slender
body at high angle of attack. This serves to underscore our
limited understanding of the asymmetric vortex shedding phe-
nomenon and the need for further research.
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